We investigate the properties of the low-frequency spectrum in the density of states D(ω) of a three dimensional model glass former.
We investigate the properties of the low-frequency spectrum in the density of states D(ω) of a three dimensional model glass former.
To magnify the Non-Debye sector of the spectrum, we introduce a random pinning field that freezes a finite particle fraction in order to break the translational invariance and shifts all the vibrational frequencies of the extended modes towards higher frequencies . We show that Non-Debye soft localized modes progressively emerge as the fraction p of pinned particles increases. Moreover, the lowfrequency tail of D(ω) goes to zero as a power law ω δ(p) , with 2 ≤ δ(p) ≤ 4 and δ = 4 above a threshold fraction p th .
glasses | normal modes | non-Debye law | soft modes U nderstanding the peculiarities and the universal features of the low-frequency spectrum in glasses plays a crucial role to gain insight into their thermal and mechanical properties.
In the case of crystalline solids, mechanical and thermal properties follow universal laws that can be obtained through Debye's theory. Debye's law assumes that the only energy excitations around the ground state in crystals are phonons, i. e., Goldstone modes. The corresponding density of sates D(ω) below Debye's frequency follows D(ω) ∼ ω d−1 , in d spatial dimensions (1) .
More complex is the situation for amorphous systems where the low-frequency spectrum shows an abundance of soft nonGoldstone modes. Quasilocalized soft modes are involved, for example, in the relaxation processes of supercooled liquid (2) , and in the plastic flow of disordered solids (3). They have a natural interpretation within the jamming transition. At the jamming point, a glass is isostatic, i. e., the number of degrees of freedom equals the number of constraints (4, 5) . This means that soft modes are induced as soon as a particle contact is removed. More in general, thanks to a class of exactly solvable mean-field models for which it has been proven that the energy landscape is organized into a complex hierarchy of marginally stable states (6) (7) (8) , marginal stability has been suggested as a general ingredient for the rising of no-energy cost excitations connecting degenerate minima that are separated by small energy barriers (9, 10) .
Theoretical models of random media predict a universal law for the density of the states of the non-Goldstone (i.e. non-phononic) component of the spectrum with a scaling D(ω) ∼ ω 4 in any dimensions (11, 12) . Consistently, it has been recently shown that in many real and simulated glasses the non-Debye contribution to the density of states is proportional to the phonon damping, thus showing the well know Reyleigh fourth power frequency dependence (13) . However, since on large enough scale glasses are continuum media, the phononic contribution in D(ω) dramatically overcomes any subdominant non-Goldstone tail at low frequencies (14) . Numerical simulations of repulsive binary mixture suggests that the Goldstone modes hybridizes with non-Goldstone excitations and destroys the ω 4 tail (15). Recently, it has been possible to observe a non-Goldstone low-frequency sector of the spectrum in the density of states of structural glasses and disordered systems that follows a power law D(ω) ∼ ω 4 (16) (17) (18) (19) (20) . In order to take access to non-Debye modes in numerical models, one has to perform simulations of extremely large system sizes (20) . Alternatively, one has to find a protocol to cancel the Goldstone bosons from the low-frequency region (17) by choosing suitably small systems.
In the present paper, in analogy with the procedure adopted in Ref. (16) where a random field has been introduced in the Heisenberg spin-glass to destroy the spin-wave contribution at low frequencies, we employ a random pinning field that freezes a finite fraction of particles. The presence of this random external field destroys any spatial symmetry, removing the corresponding Goldstone excitations.
Random pinning has been largely employed to gain more information about Random-First-Order Theory in glass-forming liquids (21) (22) (23) (24) (25) (26) (27) (28) (29) . In the following, we will show that random pinning allows also to improve our knowledge about the density of states in amorphous solids.
Here, we perform molecular dynamics simulations of a particulate glass model in three dimensions. After equilibrating the fluid at high temperatures, we compute the density of the states obtained through the normal modes around the
Significance Statement
Amorphous solids are continuum media. However, their mechanical and thermodynamical properties, even though universal, dramatically deviate from those in crystalline solids. Their anomalous behavior reflects peculiar and universal deviations from Debye's law in the low-frequency sector of the density of states D(ω). Theoretical models predict a population of non-Goldstone bosons following the universal power law corresponding inherent structures. In computing the inherent structures, we freeze a particle fraction p. By progressively increasing p, we observe that the resulting low-frequency spectrum qualitatively changes. In particular, it develops a non-Debye tail. We find that the low-frequency spectrum is populated by soft modes that reach zero as a power law
The exponent δ departs continuously from the Debye value δ = 2, that is recovered at small fraction of pinned particles. For large p values, the exponent approaches the limit value δ = 4. Moreover, the non-Goldstone modes become progressively quasilocalized as the number of frozen particles increases.
Results
As a model glass former, we consider a binary mixture 50 : 50 composed by soft-sphere in three dimensions. The particles interact each other through an r −12 potential. The detail about the model and numerical simulations are given in Materials and Methods. The typical protocol adopted for investigating the vibrational modes are the following. We start with thermalizing a configuration at a high temperature far above the dynamical temperature TMC of the model, i. e., the temperature where the system undergoes a dynamical arrest. The data presented here are obtained working at T = 3 TMC . The inherent structure of the equilibrated configuration is then computed by minimizing the mechanical energy. In computing the inherent stricture, we randomly choose a finite fraction p of particles that is maintained frozen during energy minimization. The vibrational modes are obtained through the diagonalization of the corresponding dynamical matrix.
We start our discussion by considering a system composed by N = 1000 particles. Fig. (1) -a shown the cumulative distribution of the density of states F (ω) -see Materials and Methods. This quantity shows a power law tail at low frequency, F (ω) ∼ ω α , corresponding to a power law tail of the density of states, D(ω) ∼ ω δ = ω α−1 . For p = 0, the Debye contribution dominates the low-frequency spectrum below the Boson peak. In that region, the cumulative distribution reaches zero as F (ω) ∼ ω 3 , i. e., α = d. By increasing the fraction of pinned particles p, we observe a progressively disappearing of the Goldstone sector in favor of non-Goldstone Fig. (1)-b) . To be sure that random pinning does not dramatically alterate the structural properties of the glass, we have kept track of the radial distribution function g(r) of the configuration that minimizes the energy. As shown in Fig. (1) -c, where we plot the evolution of g(r) for different values of p, random pinning does not alterate the structure of the system that remains amorphous even at large pinned particle fraction. In In order to take access to lower frequencies, we perform simulations up to N = 8000 particles. The corresponding F (ω), opportunely normalized with the total number of modes, is shown in Fig. (3) . As we can appreciate, normal modes from N = 512, 1000, 8000 smoothly connect with each other and the corresponding tail connects continuously with no gap. Again, the exponent of the power law F (ω) ∼ ω α depends on p and interpolates between Debye α = 3 and non-Debye α = 5 as the fraction of frozen particle increases. This finding proves that the low-frequency spectrum probed at the smallest size N = 512 is representative also for larger system sizes.
Soft modes in glasses are local excitations responsible for the plastic flow (30) (31) (32) . Localization can be quantified through the inverse participation ratio IP R(ω). Delocalized modes cover the entire system and IP R(ω) → 1/N . Fully localized modes involve few particles meaning that the corresponding eigenvectors count few components. Localization is then sig-D R A F T naled by a scaling IP R(ω) ∼ 1. The IP R(ω) computed for N = 1000 particles is shown in Fig. (4) . When p = 0, phonons dominate the spectrum, they are extended excitations and, consequently, IP R ∼ 10 −3 = N −1 . With increasing the fraction of pinned particles, IP R(ω) increases too. Moreover, localization involves particularly the lowest frequency modes. This is the signal that modes populating the non-Goldstone sector of D(ω) are progressively quasilocalized in few particle sites.
Summary and Discussion
The anomalous thermal and mechanical properties of glasses are strongly related to their non-Debye excitations that populate the low-frequency spectrum. For this reason, it is crucial to develop techniques and protocols that allow to efficiently probe the sub-dominant glassy modes.
In this paper, we have investigated the low-frequency spectrum of a colloidal glass in three dimensions. In order to gain insight into the non-Debye sector of D(ω), we employ an external field that randomly freezes a particle fraction. We showed that the random pinning procedure progressively destroys any spatial symmetry presents in the system removing the phononic contribution to D(ω).
We have also shown that non-Goldstone modes progressively emerge in the spectrum as the fraction of frozen particles increases. Moreover, the power law in the tail of D(ω) ∼ ω δ smoothly changes from Debye, i.e., δ = 2, to δ = 4 at high pinning fraction. The power law D(ω) ∼ ω 4 is fully consistent with the theoretical prediction for Bosonic nonGoldstone excitations given in Ref. (12) that has been also confirmed recently in numerical simulations (16, 17, 20) and in the analysis of the sound attenuation in real and simulated glasses (13) . We also found that the low-frequency sector is populated by soft-modes that become progressively localized in few particle sites.
It is worth noting that the scenario here proposed, that is the coexistence at low-frequency of propagating/extended phononic modes with non-Goldstone/localized states, is consistent with the recently developed "Heterogeneous viscoelastic- Fig. 4 . Inverse participation ratio IP R by increasing the fraction of pinned particles from p = 0 (purple) to 0.9 (yellow) for a system size N = 1000.
ity" theory (33) where the role of pinning (or of the "external field") is played by the presence of regions with higher elastic moduli in the glass.
As a concluding remark, our study suggests an alternative way to probe the properties of plastic modes in glassy and disordered materials in both, numerical simulations and experiments.
In computer simulations, the protocol considered here has the advantage that works at any system sizes, at least for the repulsive potentials, i. e., colloidal glasses. This suggests that, for instance, it is not necessary to tune the system size below a threshold value as in Ref. (17) or performing large-scale simulations to approach the continuum limit (20) .
Moreover, random pinning fields able to trap many colloids through a single laser beam can be generated in a laboratory by means of speckle patterns (34) or by means of suitable algorithms for the control of spatial light modulator to obtain multi-focus beams (35) . In that way, it is possible to isolate the non-Goldstone contribution in the low-frequency vibrational modes that are accessible in colloidal glasses by means of confocal microscopy (36) .
Materials and Methods
Model. As glass-forming model, we consider a 50 : 50 binary mixture of large and small soft spheres in three dimensions (37) . Indicating with r i the position of the particle i, with i = 1, ..., N , two particles i, j interact via a pure repulsive potential φ(r ij ), where r ij ≡ |r i −r j |. 
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In the following we report all quantities in reduced units. The MD simulations are performed in N V T ensemble at temperature T = 3 T M C , where T M C is the Mode Coupling temperature of the model, i. e., defined according to τα(T ) ∼ (T −T M C ) −γ , with τα the time scale of the α processes. We also performed Swap Montecarlo Simulations in N V T ensemble. In that case, the thermalization of the fluid is controlled looking at the evolution of the total potential energy Φ({r i }) = i≤j φ(r ij ) as a function of temperature and comparing it with the Rosenfeld and Tarazona formula A + BT 3/5 (38) . The system sizes are N = 512, 1000, 1024, 8000.
Inherent Structures and Vibrational Mode Analysis.
After thermalisation, we compute the corresponding inherent structures that are obtained by minimizing the configurational energy Φ({r i }). During the energy minimization, we consider a finite particle fraction pN , with p ∈ [0, 1[, frozen in its equilibrium configuration.
In order to compute the density of states, we expand Φ around the configuration {r 0 i } that minimizes the energy
where
and we consider only the non-pinned particles. In Eq. (2), we have defined the dynamical matrix
where the latin indices i, j = 1, ..., N indicate the particles and greek symbols α, β = 1, ..., d the cartesian coordinates. The energy minimization has been obtained through the Limitedmemory Broyden-Fletcher-Goldfarb-Shanno algorithm (39) . For each value of p, we have collected data for 10 2 inherent structures obtained considering different thermalized configuration. At the end of the minimization, we have checked the structural properties of the corresponding configuration through the radial distribution function g(r) = N −1 i =j δ(r − r j + r i ) . The normal modes are then obtained thorough the diagonalization of the dynamical matrix H. For system sizes up to 1024, we evaluate the entire eigenvalue spectrum through gsl-GNU libraries, for larger sizes we compute the lowest 100 eigenvalues with ARPACK (40) . Indicating with λκ the eigenvalues of H, the corresponding 3N squared normal-mode frequencies are ω 2 κ = λκ. From the spectrum of the eigenvalues ρ(λ), using the relation between ωκ and λκ, we compute both, the cumulative function F (ω) and the density of states D(ω). The cumulative function F (ω) reads
[4]
In the case of a three dimensional elastic solid, the spectrum at low frequencies is populated by phonons, that brings to the power law where e i (ω) is the eigenvector of the mode ω. For a completely localized mode ω on a single particle, one has IP R(ω) = 1, while a mode extended over all the particles corresponds to IP R(ω) ∼ N −1 .
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